In this paper we study G 2 -cobordisms between 6-manifolds with SL(3; C)-structures. This gives a binary relation on the set of closed SL(3; C)-structures on an oriented spin 6-manifold. We consider the relation under SO(3)-symmetry and coassociative conditions to prove several results, which support the conjecture that a closed oriented spin 6-manifold admits no symplectic structure if and only if the binary relation is irreflexive. Moreover, another conjecture and results possibly related to sub-Riemannian geometry are stated.
Introduction
Donaldson introduced the concept of G 2 -cobordisms between 6-manifolds with SL(3; C)-structures in his study of boundary value problems in G 2geometry ( [Don18] , Section 4). Let X be a fixed oriented spin 6-manifold, and let ψ 1 , ψ 2 be closed definite 3-forms that define SL(3; C)-structures on X. The forms ψ 1 and ψ 2 are called to be G 2 -cobordant if there exists a closed definite 3-form φ defining a G 2 -structure on X × [t 1 , t 2 ] compatible with the orientation and satisfying φ| X×{t i } = ψ i for i = 1, 2. This gives a binary relation ψ 1 ≺ ψ 2 on the set C(X) of closed definite 3-forms on X. Moreover, let us define a stronger binary relation ψ 1 ≪ ψ 2 on C(X) by the existence of such a 3-form φ that also induces a product Riemannian metric on X × [t 1 , t 2 ]. See Section 2 for more details. In addition to Donaldson's Torelli-type problems ([Don18] , Question 1), various basic properties of the relations are still open. We are now interested in the following conjectures:
Conjecture 1. Suppose that X is closed. The oriented spin 6-manifold X admits no symplectic structure if and only if the binary relation ≺ on C(X) is irreflexive, that is, ψ ⊀ ψ for any ψ ∈ C(X).
Conjecture 2.
Let ψ 1 , ψ 2 ∈ C(X). If ψ 1 ≺ ψ 2 , then for any ǫ > 0, there exists a diffeomorphism F on X such that ψ 1 ≪ F * ψ 2 and F * ψ 2 − ψ 1 < ǫ, where * is some appropriate norm.
In this paper we prove several results supporting the above conjectures under SO(3)-symmetry and coassociative conditions. More precisely, we study
over an oriented 3-manifold M. This gives a binary relation on the set of SO(3)-invariant closed definite 3-forms on M × SO(3) vanishing along the fibers SO(3). We describe the relation explicitly (Lemma 10 and Theorem 11), and prove that the relation is irreflexive (Theorem 12), which supports Conjecture 1. Moreover, Theorem 14 is proved, which is related to Conjecture 2.
This paper is organized as follows. In Section 2 we review definite 3-forms and G 2 -cobordisms. Section 3 is devoted to the study of SO(3)-invariant objects. Our main results are stated and proved in Section 3.3.
Definite 3-forms in dimension 6 and 7
Let V be a 6-dimensional real vector space and V * its dual. Take a basis {v 1 , w 1 , v 2 , w 2 , v 3 , w 3 } of V * . Let us set a normal form
This condition is equivalent to saying that ι(v)ψ ∈ ∧ 2 V * has rank 4 for any non-zero v ∈ V , where ι denotes inner product (see e.g. [Don18] , Section 2.1). The definiteness of a 3-form is an open condition. Let X be an oriented 6-manifold. If X has an SL(3; C)-structure, then X is spin.
We know that the group {g ∈ GL + (V ) | g * ψ 0 = ψ 0 } coincides with SL(3; C) ⊂ GL(6; R). Thus a definite 3-form ψ naturally gives an SL(3; C)-structure on X. In paticular, ψ gives an almost complex structure ψ ψ on X.
Let W be a 7-dimensional real vector space and W * its dual. Take a basis {v 0 , v 1 , w 1 , v 2 , w 2 , v 3 , w 3 }, and set a normal form
This condition is equivalent to saying that ι(w)φ has rank 6 for any non-zero w ∈ W (see e.g. [Don18] , Section 2.1). Moreover, the restriction of a definite 3-form to any 6-dimensional subspace is also definite. Let Y be a 7-manifold.
The isotropy group of φ 0 is known to coincide with G 2 ⊂ SO(7). Thus a definite 3-form φ gives a G 2 -structure, which induces an orientation and a Riemannian metric on Y . Let us denote by vol(φ) the volume form on Y induced by φ. See e.g. [Don18, Hit00, Hit01, Joy00] for more details on SL(3; C)-and G 2 -structures.
G 2 -cobordisms
Let X be an oriented spin 6-manifold. Define
This set is a subset of the SL(3; C)-structures compatible with the orientation on X. Let us define a binary relation on C(X) using closed
This binary relation is linked to nondegenerate 2-forms on X by the following elementary proposition.
Proposition 4 ([Don18], the second paragraph in Section 4). Let ψ 1 , ψ 2 ∈ X. Then ψ 1 ≺ ψ 2 if and only if there exist ω t ∈ Ω 2 (X) and ψ t ∈ Ω 3 (X) parameterized by t ∈ [t 1 , t 2 ] satisfying the following conditions:
2. ∂ψ t /∂t = dω t for each t; and 3. the (1,1) part of ω t is positive with respect to the almost complex structure on X induced by each ψ t .
Proof. Suppose that ψ 1 ≺ ψ 2 . Then we have a closed definite 3-form ψ on X× [t 1 , t 2 ] satisfying the conditions in Definition 3. Setting ω t := ι(∂/∂t)φ| X×{t} and ψ t := φ| X×{t} , we can obtain the desired forms. Conversely, suppose that we have ω t and ψ t satisfying the conditions in Proposition 4. Then φ = ω t ∧ dt + ψ t is the desired closed definite 3-form on X × [t 1 , t 2 ].
Donaldson remarked that the relation ≺ on C(X) is transitive ([Don18], Proposition 2). For Conjecture 1, by Proposition 4, we can evidently see that if ψ ≺ ψ by some one-parameter family (ω t , ψ t ) with ψ t ≡ ψ, then ω t is a symplectic form on X for each t ∈ [t 1 , t 2 ].
Let us define a stronger version of the relation ≺.
Definition 5. Let ψ 1 , ψ 2 ∈ C(X). Define ψ 1 ≪ ψ 2 by that there exists a closed definite 3-form φ on X × [t 1 , t 2 ] satisfying the conditions in Definition 3 and also ι(∂/∂t)φ ∧ φ| X×{t} = 0 for each t.
The last condition is equivalent to saying that the 2-form ι(∂/∂t)φ| X×{t} is a (1, 1) form on X with respect to the almost complex structure induced by each φ| X×{t} . We expect that Conjecture 2 has a flavor of sub-Riemannian geometry.
Restriction to SO(3)-invariant structures
In this section we prove several results related to Conjecture 1 and 2 under SO(3)-symmetry and coassociative conditions.
Settings
Let M be an oriented 3-manifold. Fix a basis {X 1 , X 2 , X 3 } of so(3) satisfying [X i , X j ] = ǫ ijk X k for i, j = 1, 2, 3, where ǫ ijk is the 3-rd order Levi-Civita symbol. An orientation on SO(3) is given by X 1 ∧ X 2 ∧ X 3 , and that on M × SO(3) by direct product. Let us define ψ ∈ C inv (M) by the following conditions: Namely, we suppose that each fiber SO(3) × [t 1 , t 2 ] is an almost coassociative submanifolds of M × SO(3) × [t 1 , t 2 ] for the G 2 -structure induced by the closed definite 3-form φ. Evidently, ψ 1 ≺ inv ψ 2 implies ψ 1 ≺ ψ 2 , and so does for ≪ inv and ≪.
Lemmas
Let us prove lemmas used in the proofs of main results. Let C ∞ (M) and A be the set of positive functions on M and that of connection 1-forms on the trivial bundle M × SO(3), respectively. Here, a tensorial (or horizontal) so(3)-valued 1-form e is called a solder 1-form if e = e i X i satisfies e 123 = 0 at each u ∈ P for the basis {X 1 , X 2 , X 3 } ⊂ so(3). By this basis, we write a = a i X i ∈ A, and ofen follow Einstein's convention. Proof. We can easily see that there exists an SO(3)-invariant positive (1, 1) form ω on M × SO(3) vanishing along each fiber. In fact, let V 1 , V 2 , V 3 be SO(3)-invariant linear-independent vector fields along the fibers, and let J ψ be the almost complex structure induced by ψ.
Hence, by ([Chi19b], Theorem 3.5), there exists a triple (f, a, e) satisfying the desired conditions. We can easily see the uniqueness. 
Proof. Using the basis {X 1 , X 2 , X 3 } of so(3), let us define K ij by ι(X * i )ω = Let ψ t and ω t be one-parameter families of 3-and 2-forms satisfying the conditions in Lemma 8 and 9, and parameterized by an interval [t 1 , t 2 ]. Then we have the family (f t , a t , e t , (K ij ) t ) corresponding to (ω t , ψ t ) by Lemma 8 and 9.
Lemma 10. The 3-form φ = ω t ∧ dt + ψ t on M × SO(3) × [t 1 , t 2 ] is closed, definite and vol(φ) > 0 if and only if (f t , a t , e t , (K ij ) t ) satisfies the following conditions:
2. a t is the Levi-Civita connection for each e t ;
3. ∂e i /∂t = 3 j=1 (K ij ) t e j t for i = 1, 2, 3 and for each t; and
where G t is the Einstein tensor for each coframe e t = (e 1 t , e 2 t , e 3 t ).
Proof. We can prove this lemma by direct computation as the proof of ([Chi19b], Proposition 6.8). First, we can easily see that φ is definite and vol(φ) > 0 if and only if the first condition holds. Thus, all we have to do is to compute dφ. We have
thereby dφ = 0 is equivalent to dψ t = 0 and ∂ψ/∂t = dω t . By ([Chi19b], Corollary 6.5 (1)), we see that dψ t = 0 if and only if a t is Levi-Civita for e t . From now on, suppose that dψ t = 0. Put ∂e i /∂t = P ij e j t and ∂a i /∂t = Q ij e j t for i = 1, 2, 3. We have
where we omit the subscript t, denote by K iα;β e β the covariant derivative of (K ij ) t for the connection a t , and e.g.ê i = (1/2)ǫ ijk e ij . Also, δ ij is Kronecker's delta. As seen in ([Chi19a], Lemma 10), the Levi-Civita condition de t + [a t ∧ e t ] = 0 implies δ ij trQ − Q ji = ǫ jαβ K iα;β a i for i, j = 1, 2, 3. Hence, by comparing the equations above, we obtain the conditions in Lemma 10.
Results
Let M be the set of all Riemannian metrics on M. Using Lemma 8, we can define the projection π :
where we take f and e as in Lemma 8, and γ is the Riemannian metric on M naturally induced by the solder 1-form e. Let us define a binary relation on C ∞
satisfying the following conditions: solder 1-forms has two connected component isomorphic to each other. Here, we choose the one containing the solder 1-form given by ψ 1 as in Lemma 8. The connection in M → M is defined by the decomposition M(3; R) = Sym(3; R) ⊕ Ant(3; R) at each T e M, where Sym(3; R) and Ant(3; R) are the symmetric and anti-symmetric matrices. Let (f t , e t ) be a horizontally lifted curve in C ∞ + × M, and define (T ij ) t by ∂e i /∂t = (T ij ) t e j t for each t. Here, by the definition of the connection in M, (T ij ) t is an SO(3)-equivariant Sym(3; R)-valued funcion on M × SO(3) for each t. Then a pair of ψ t = −f t e 123 t + e 1 t a 23 t + e 2 t a 31 t + e 3 t a 12 t and ω t = (T ij ) t a i t ∧ e j t gives ψ 1 ≪ inv ψ t 2 , where a t is the Levi-Civita connection for each e t . Since π(ψ t 2 ) = ψ 2 , there exists a unique τ ∈ G such that ψ t 2 = τ * ψ 2 .
By Theorem 11 and Proposition 13 combined, we have Theorem 14. Let ψ 1 , ψ 2 ∈ C inv (M). If ψ 1 ≺ inv ψ 2 , then there exists τ ∈ G such that ψ 1 ≪ inv τ * ψ 2 .
Theorem 14 is related to Conjecture 2. Moreover, considering that how close we can take τ * ψ 2 to ψ 2 in Theorem 14 seems to be related to the isoholonomic problem (see e.g. [Mon90, Mon02] ), which is a typical problem of sub-Riemannian geometry, for the infinite-dimensional principle G-bundle M → M over the space M of all Riemannian metrics on the 3-manifold M.
